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The article describes the formation of a multidimensional geometric object that reflects a system of dependencies of many
variables based on geometric modeling. It is noted that in the process of creating geometric objects, the tasks of fulfilling the
specified conditions and the need to model dependencies between all or some parts of the variables of a given system arise.
The article develops a technique for constructing multidimensional geometric objects formed by other manifolds of different
sizes and weights. These types must satisfy the given conditions. The structure of a multidimensional figure is applicable for
solving complex optimization problems with many criteria in computer-aided design environments.
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Moae/il0BaHHSI CHCTEMH 32J1€5KHOCTEH i3 3aJaHUMHM YMOBAMU

Ycenko B.I'."*, Boponnos O.B.%, Hikoaaenko B.B.3, Ycenxo 1.C.*

1.2,3.4 HanionaneHuii yHiBepcutet «Ilonrasebka nomiTexnika imeni IOpis KonppaTioka»
* Anpeca juist tuctyBaHHs E-mail: valery usenko@ukr.net

B crarri omucaHo yTBOpeHHsI 6araTOBUMIPHOTO T'€OMETPUYHOTo 00'€KTa, IO BimoOpakae CHCTEMY 3aJIeKHOCTeH OaraTbox
3MIHHHMX Ha OCHOBI T€OMETPUYHOT0 Mo/ieoBaHHs. HaouHe Mo/IenoBaHHs 6araTo napaMeTpUYHNX 3aJIeKHOCTEl BUKOPHCTO-
BY€ MHOXKMHH JIiHIH K 0araToBHIB, [0 MAIOTh OAWH BUMIp. Y CTaTTi ONPAI[bOBAaHO YTBOPEHHS OaraTOBUMIpHHX T'€OMETPHY-
HHX 00’ €KTIB i3 BpaxyBaHHsIM 3a/IaHAX YMOB. 3a3HAUCHO, 110 Y IPOLECi CTBOPEHHSI FTEOMETPUYHHX 00’ €KTiB BHHUKAIOTH 33424l
BUKOHAHHS 33JlaHAX YMOB Ta HEOOXiJHICTh MOJEIIOBAHHS 3aJIe)KHOCTEI MXk yciMa abo IesIKOI0 YaCTHHOIO 3MiHHHUX 3aaHOl
cuctemu. [Iporec po3s’sizanHs 3aga4i notpedye moOyaoBy OaraToBuy, KUl 00’ €aHYE esiki 0OCOOIUBOCTI K CBOT CKIIaI0BI
YaCTHHHM 33 YMOB iX BaXJIMBOCTI. Takox y moOyIoBi 3aCTOCOBYIOThCS 3a1aHi 6araToBUIM MEHIIIOT po3MipHOCTi. Y po6oTi ompa-
LLOBYETHCS METOJIMKA ITI00YIOBH 0araTOBUMIpHHX T€OMETPUYHIX 00’ €KTIB, IO YTBOPIOIOTHCS IHIINMY GaraToBUAaMHU Pi3HOI
posmipHocTi Ta Bard. Lli 6araro By MaroTh BiJIIOBIJAaTH 3alaHAM YMOBaM HIIIXOM ITIOCTYIIOBOI 3MiHM PO3MIpHOCTI Ta 4Hcia
3MIHHUX Y HOTO aHAJITHYHOMY BUpa3i. 3anexHiCTh Koe(ilieHTiB PIBHSAHb, III0 YTBOPIOIOTH T€OMETPHYHI (GirypH MEHIIOI po3-
MIPHOCTI Biji 3SMIHHUX BEJINYNH BUKOPHUCTOBYETHCS Y TE€OMETPUUHIN Mozei 6araroBumipHoi GyHKIii. YV my6mikamnii Bigoopa-
JKEHO OCOOJIMBOCTI CTPYKTYPH I'€OMETPUYHOI0 0araTOBUMIPHOTO 00'€KTa 13 BUKOPHCTAHHAM MHOXUHHU 1HIIHMX (iryp MeHIIol
po3mipHocTi. Pi3He uncio mapaMeTpiB y aHaTiTHYHOMY BHpa3i, 110 OMUCYy€e OaraTOBUMIpHHI TeOMETPUYHHI 00’ €KT BIAIOBiAaE
MHOYKHHaM iHIIKX 0araToBHAIB MEHIIOI PO3MIPHOCTI y mapajeibHHX MPOCTOpax 3aJaHoi koopanHaTHOI cucteMu. [Tokazano
BU3HAYCHHS MHOXUH JIiHi, 1110 HaJexaTh 6araTOBUMIpHHM (irypam y pi3Hux npocropax piBusa. CTpykTypa 6araroBuMipHOL
¢irypu Moxe OyTH 3aCTOCOBaHa y BHPILICHHI CKIaIHUX 33/a4 ONTHMIi3allii 3 0araTbMa KpUTEPIsIMU y CEpEeIOBHUIIAX CUCTEM
ABTOMATH30BaHOTO NpoekTyBaHHs. I'padiuHe 300paskeHHs JesKoro 6araToBuay B N-BUMIPHOMY IPOCTOPI HPEICTABISIETHCS
MePETHHOM MHOXXHHH TiIIEPIUIOIINH PiBHS, K IapajelibHi KOOpAUHATHHM mpocTopam. Lleil nmporec BUKOHY€ETHCS AT OTPH-
MaHHS HabOpy OJHOBHMIPHHX 0araToBHIIB, HATIPUKIIAJ, KPUBHX JIIHIH.

KurouoBi ciioBa: reomeTpiuyHe MOJICIIOBAaHHS, 0araTOBU/IH, 3aJICKHOCTI 6araTboX 3MiHHHX
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Introduction

Geometric modeling of the dependencies of many
variables has always been and remains relevant because
in nature everything is interconnected and the various
processes are always influenced by many factors.
The geometric model of such dependencies has many
advantages: it is simple, accessible, and visual, allow-
ing you to fully formalize and successfully solve a wide
range of different applied problems, including such
complex ones as multicriteria. The geometric model of
the study allows you to fully formalize the study and
translate the physical actions on the system to the cor-
responding geometric operations of the study.
Each technical problem and its solution can be formu-
lated from geometric positions. Geometric problems
are solved by means of visual operations on many ac-
cording to the rules of multidimensional geometry.
The obtained geometric solution is then interpreted on
the physical content of the formulated problem and the
necessary recommendations for their use. The study of
relationships determined by various factors between the
variables of different complex systems is quite relevant
[1]. These relationships are represented by geometric
models of multidimensional objects.

The geometric model conveys the relationships of all
variables and visually reveals them in the image.
The application of the model allows solving practical
problems not only analytically, but also through for-
malized graphic operations. Visualization of the com-
plex dependence between many variables is a tool for
obtaining maximum visibility of all operations in the
model so that the method of its research is achievable
and understandable. The relationship between
variables is embodied in the form of a multidimensional
figure of an n-dimensional space of n variables, where
1=<k=<n-1. If k=1, then the manifold is in some curve
of n-dimensional space, if k=n-1, then the manifold is
a hypersurface of n-space. Of the n variables included
in the studied multidimensional model, p functions and
k arguments are distinguished, where p+k=n. Thus, the
manifold's dimension as a geometric model of depend-
ence is equal to the number of independent variables
(arguments), i.e. k£ [1].

Review of the research sources and publications

In geometric modeling of systems with many param-
eters there is always a need for their analytical and
graphical display. They can be approximated by sets of
other geometric objects, or their parts with joining on
common borders [1]. Scientific publications investigate
non-uniform rational B-splines [2], which in the geo-
metric representation can be reflected in the form of
curved lines. Various computer-aided design systems
use NURBS splines to exchange information [3].
Rational B-splines define geometric objects in space in
the same way. [4].

Definition of unsolved aspects of the problem

Considers the structure of the discrete frame of the
manifold B3, given in the rectangular Cartesian coordi-
nate system of the 4-dimensional space I7*. For this pur-
pose, we will use the intersections of B with spaces C°,

which are parallel to one of the coordinate spaces I°.
According to Grassmann's theorem, in the 4-dimen-
sional space IT*, these spaces intersect the manifold B3
by manifolds of lower dimension B2, which are surfaces
in their 3-dimensional spaces IP’: B’ “c=B2.

Surface B? is located in space C;*: (x* = x31);
surface B,?> — in the space of level Co%: x3 = x32,...,
B\? — in the space of level Cyi®: x3= x3™, Bi2€ C)3,
B2€eCh,.., B2ECS,

The set of surfaces forms a discrete frame of mani-
fold: B®= B/? UBZZU .. Bi?, where m, is the number
of surfaces in this frame. The larger the number m;, the
more accurate the B3 manifold will be.

Each of the obtained manifolds Bi2, which is located
in its intersecting space C7, is similarly defined by a
discrete frame of lines B! in intersecting planes Ci:
B*=By;! Uszl ... Bmoj', where m? is the number of lines
in the frame of the surface Bi%. For example, these can
be planes of level C\2, C2.C*: x2 = x;
X2 = x2%;... X2 = xo"2. They are parallel to the coordinate
plane I1;>=0x' ~0xs. The surface B’ intersects the
plane Ci? = x> = x,! along the curve Bii'. The plane C>?
= x» = x2? intersects the surface B)? along the curve B!,
etc. And finally, Co=x,=x,"? intersects the surface B,
alon the curve  Bi'".  B? mC12:B1 L
B12 C22:le, H12:OX1 UOXZ.

Similarly, frameworks are created for other 2-dimen-
sional multispecies: B2, ..., Bmi%. To build their frames,
intersecting planes of level Ci? are used relative to the
same coordinate plane as for the first surface, i.e.
hyperplane of level x2 = x2'; x2 =x2% ... ¥* = xo=x2"™.
The intersection of these level planes with the corre-
sponding surfaces gives the curves: for B;%-21;
22 ... 2, etc. And, finally, for B%y - mi'; mi? ... mima.
In the designation of these lines, the first digit indicates
the line belongs to the corresponding hyperplane of the
level or to the 2-dimensional surface obtained in this
hyperplane. The second digit indicates belonging to the
secant 2-dimensional plane of the level.

For example, the curve 21, denoted as B»1', belongs
to the second 2-dimensional manifold B,?, which is
formed at the intersection of the manifold B* with the
hyperplane C>*: x3 = x3% and the first cutting plane of
the level Ci%: x> = x2'. On the other hand, the numbers
in the notation correspond to the indices of successive
intersecting spaces C/, which are used to obtain the
curves of the framework of the hypersurface B°.

Thus, the manifold B® is defined by a discrete
framework of 2-dimensional manifolds Bj;%, where
=1, 2, ..., m1, and each of these manifolds, in turn,
is defined by a framework of lines: B'(l), where
h=1,2, .., m* As aresult, we obtain the expression
of the manifold B3 as a discrete framework of flat
curved lines. The number of these lines is equal to
the product mi,ms.

In the process of studying systems with many param-
eters, it is necessary to improve their geometric models
to solve various optimization problems that occur in
different fields of science and technology.
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Problem statement

The aim of the work is to study the structural structure
of a multidimensional geometric object that models the
dependences of many variables using B-splines.

Basic material and results

The literature describes the analytical methods for
solving multiparameter problems used in various calcu-
lations, in particular, the structural reliability of the sys-
tem [1, 6-12, 14]. The model is based on a geometric
understanding of structural modeling. Due to the
uniqueness of the problem, some non-geometric com-
ponents of the model are used.

The geometric model conveys the relationships of all
variables and visually reveals them in the image.
The application of the model allows to solve practical
problems not only analytically, but also by formalized
graphical operations. Visualization of complex rela-
tionships between many variables is a tool to obtain
maximum visibility of all operations in the model, so
that the method of its study was achievable and under-
standable.

The relationship between the variables is embodied in
the form of a multidimensional figure of n-dimensional
space n variables, where 1 = <k =<n-1.If k=1, then
the variety is in some curve of n-dimensional space, if
k=n-1 — then the variety is a hypersurface of n-space.
From n variables included in the studied multidimen-
sional model, p functions and k arguments are distin-
guished, where p+k = n. Thus, the dimension of the
manifold as a geometric model of dependence is equal
to the number of independent variables (arguments),
ie k.

Construction of multidimensional space objects is
possible by successively increasing their dimension. In
method [6] the expression of the object B is known,
and in this method the equation is finally formed at the
end of the formation of the geometric model.

Let's build a model of some dependencies in an object
or process that has initial data that are the result of the-
oretical or practical research. Consider the dependences
in the form of manifolds B, (one-dimensional lines) in
the local coordinate system of the corresponding space
of level P,.

One-dimensional objects B, are represented by n-b
projections in the graphic image and are described by
systems of n-b equations in the analytical description.
Some function with variable argument ul corresponds
to an ordered set of objects B, describing 2-dimen-
sional structural components (surfaces) of the mani-
fold B.

The formed B, varieties can be represented by a func-
tion with variable argument u» and be part of
3-dimensional varieties. This formation occurs before
the output of the final analytical expression of the de-
sired multidimensional object B.

In method [6] the manifold By and its structural parts
Bi, B, ..., By1 are described in sequence, which gradu-
ally reduces the dimension of geometric objects.
One-dimensional manifolds B; that are lines are de-
scribed by a system of n-b equations:

b-1
Kbt = SsNii, (W% X pt), d =1 [Ty, M
i=1

X,_piy =CONSt,...,X,_| = CONSt X, =Cconst

where u; = x5, N; ; (1) — parametric expressions of
lines;

d — the number of expressions N;;(u);

m; — the number of varieties B.

The set of lines B; in the local coordinate system of
P,..r+1 space spaces parallel to the coordinate space is
described in the first line (2). Lines Bi2, B2y, ... , Bow in
the spaces of level P, P, ..., Py are expressed:

........................ : ©)

These expressions reflect the affiliation of the lines B>
of the multidimensional object B to the corresponding
spaces of the level P,.+1, passing through points with
certain values of the coordinates xi,... .x, in the space
P,. Similarly, the sets of lines belonging to the varieties
B, in the spaces of the level P,.,+4 are determined.

When the geometric objects B, are lines: ¢ = 1, then
we have a special case (2) of expression:

r,»b_q(ul,...,uq)=f(a{,uq,lgq_1,u;), i=0,..n-b-q,
3)
Uy = CONSt,...,u, ., = const, q< b.
Equation (1) corresponds to different values of the pa-
rameter u> = x,.5+2. Let us establish the dependences on
this parameter in the explicit function

b1
N;j(w) = fluy,K,), s= 1,...,11ml. , (4)

where K, — coefficients of expression;
g — number of coefficients.

Let us replace the coefficients K, of the dependence
(4) in formula (2) and find the analytical expressions of
the varieties B, with variables u; and u>

Uy =Xy f-Uy = Xp_fi2
Xn—k+1 = f (xlﬂ""xn—k—l’ubuZ’Kg)

, )

where K, — coefficients of the formula, us = x,.¢+2. Fig-
ures B, are described by expression (5) (which are sur-
faces) in the structure of the manifold Bj.

In comparison, the obtained varieties B> (5) with the
corresponding values of the parameter u3, there is a de-
pendence of the expressions K, of formula (5)

Ky =fu(us.a,), (6)

where u3 = Xp.i+3.
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Increasing the number of variables and, accordingly,
the dimension in the expression sets the analytical rep-
resentation of the figure B,

Xt = S (X peres Xy 15 Upseens U s W) (7
where w; — coefficients of the equation;
u1, ua, .., ux — arguments of the function taken by the
coordinates X, ... , X, multidimensional space.

In the special case, when b = n — 1, the lines B; are
incidental to the planes of the level P,. In the construc-
tion of geometric objects of multidimensional space,
there are problems with the fulfillment of given condi-
tions.

In addition to the conditions set for the studied de-
pendencies, it may be necessary to model the depend-
encies between all or some of the parameters of this
system. Solving the problem requires the construction
of a variety that integrates certain features as its com-
ponents in terms of their importance. Or a variety is
formed by given varieties of smaller dimensions.

The importance of the studied dependencies is used
for objects of multidimensional space of smaller di-
mensions than the dimension of the studied variables.
Thus, there is a statement of the geometric problem: for
several given varieties By, By, ... , Bs1 of different di-
mensions and weights to build a variety B, which best
integrates and approaches the set of given.

We assume that j objects B" of multidimensional
space, j€EN is described by the system

= gpls(u“),...,ug?), i=le,n, s=L..j, (8)

where 3 — variables;
J

n — the number of variables;
j — the number of figures of multidimensional space;
s — the dimensional index of the object Bj.

These objects have dimensions A, s = 1,2, ..., J,
1 <hy<n-1, h;, n— the number of related variables
with the weight w,, s=1,2,...,7, 1<w,<n-1
Generalized multidimensional object By,
hy <b<n-1 given by the system

13K K e K 1Ky =0
%5 Ko15 Ky 250 Ko 15K = 0,

Si, %050 %, 15,

So X0 X
©)

Jrip QX0 X 15605 K 13K g 90 K1 K =0,

where x; are the coordinates of the object in multidi-
mensional space, K;; are the unknown coefficients of
the equations.

The value of the weight w;, of multidimensional ob-
jects B, in fractional form is rounded to the nearest
whole number. The solution of the problem is a way to
determine approximations, in particular, for example,
the method of least squares [5]. Let's make an
expression

h h
;52 =3[ .. Jpw Adufl’. duf, i=1...n  (10)

s=1 M,

where A is the difference between expressions (9) and

fl(¢1 (”1 ”* 3uh\))’ 9¢n (ul(\)’ a”h ’Klla aKl ) 0

f;1—k((/)ls(ul(\)a a[}(l\))’ 9¢n (ul(\)’ U () Kn—k,la ) ) 0.

n—k,m

The coefficients K;; of the analytical description of

the object Bj (9) are determined from the condition
h
Y67 =minji=1,..n (12)
s=1

The manifold By is given by its discrete framework
from manifolds of lower dimension to 1-dimensional
lines: Kp = B.1, Bk, ..., B1. The graphical representation
of some manifold By of general position in the n-dimen-
sional space P, is represented by the intersection
of B by the set m of parallel hyperplanes of the level
Sk, which are parallel to the coordinate space P..

This is a set of varieties of smaller dimensions
Bik1, Boj-1,. .., Bar-1. Each of the latter, in turn, intersects
a system of level hypersurfaces that are parallel to the
n-2 subspaces of the P, level. The cross-sections ob-
tained at this stage are intersected by a unit of smaller
dimension by parallel subspaces of Sk level, etc.
This process is performed to obtain a set of manifolds
B1, ie lines (in the general case of curves) given surface.

Since with each operation the dimension of the sub-
manifold is reduced by one, to obtain a g-dimensional
section Cj it is necessary to perform: k-g sequential op-
erations to reduce the dimension (k-¢g consecutive sec-
tions C-q). And g is the dimension of the cross-section,
which determines the variety in the space of dimension
n-k+q. To obtain 1-dimensional sections that are lines
By requires k-1 operations to reduce the dimension.
Each of the cross-section lines is in n-k+1-dimensional
space.

Thus, the surface By (1 = <k = <n-1) is given by the
framework of g-dimensional cross-sections, the num-
ber of which is equal to: mi,. Where m is the accepted
number of cross-section operations at each stage of re-
ducing the dimensionality of the manifold. If we take
the number of cross-section operations in each dimen-
sion reduction operation different, for example,
mi, my, ..., Miq, then, obviously, the variety By will be
determined in this case: mi, ma ... m4 g-dimensional
sections n+q-k -dimensional level spaces.

For a framework of one-dimensional cross-sections,
myg-1 lines in n-k+1 dimensional sectional subspaces of
the C' level are required. In this case, each of these lines
will be given by n-k its projections on two-dimensional
projections of the subspace, including these curves.
Having designed the section in conjunction with the sec-
tion spaces on the two-dimensional plane of projections,
we turn to the epure of Monge. In this case, on one of the
n-k+1-dimensional spaces of projections, which parallel
the intersecting spaces of the level, including the lines of
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the frame, the cross-sectional curves are projected with-
out distortion. In their other projections, they coincide
with the traces of the intersecting spaces C.

The spatial curved line is a special case of the manifold
By, when k=1. For the graphic and analytical task of this
manifold, the methods of defining the manifold B can
be used.

On the one hand, the curve can be set by its two (or
more) surfaces (carriers) to which it is incidental.
Then the analytical description of the curve is a system
of equations for these surfaces. Graphically, the curve is
also determined by the mutual intersection of surfaces.

On the other hand, the spatial curve can be set by a
discrete framework of points defined by the cross-sec-
tion C of its level hypersurfaces, which are parallel to
some hypersurface of projections (n-1) + 1-n = 0).

Thus, the value of one variable determines the value of
the rest. Accordingly, the equation of the curve is a one-
parameter relationship between variables. On the dia-
gram, the curve, which is a 1-dimensional manifold, is
given by (n-1) projections on the coordinate plane P.

Analytically, the n-spatial curve is defined as the ge-
ometric location of points belonging simultaneously to
the projecting hypercylinders, the number of which is
equal to the number of flat projections of the curve that
define it. The equations of these hypercylinders in n-
space are the equations of curve projections on the cor-
responding planes of projections. Thus, the curve is an-
alytically expressed by the system of equations of these
hypercylinders lying on them.

In the geometric modeling of the I° space, the kine-
matic method of surface formation is often used.
Its main disadvantages can be considered: the high or-
der of the formed surface and the peculiarities of for-
mation associated with the use of given guide lines.

In the space IT", a hypersurface is a special case of the
manifold B® with b=n-1, where n is the dimension of
the space. Let us consider the formation of varieties B’
with the help of tangent spaces to the guiding manifold.
Let the equation of the manifold B have the form

k
2 Di 2 i D
b _ =0
B === k
> D, - )3 a; -4 p;
=0 " =0

; (13)

where: k is the dimension of the directing object B, n
is the order of the manifold, py, ... , p» are variable pa-
rameters, 7, ;1 are the radius-vectors of the points of the
manifold, a;...;1 are the coefficients of the equation of
the manifold B1 (curved line) at the corresponding
points; the order of the indices does not affect the value
of the parameters; for example, aoo1=a010 = @100

The equation of the tangent space II” at the point
(po,..,px) to the multidimensional figure B? is

k k
> b, )y P,

=0 iy 1=0

k k k
IS pmil...z Pin-i, Pi
=0 -0 i,=0

n L=

1 n

I

k
o 2 Pigeiy i i, Dy
B= i =0

> (14)

where pi,.1 are variable homogeneous parameters.
In the tangent space 77° (14) we take the manifold B™.
His expression:

p/ :f/(yoaaym)ﬂjzoﬂ’k (15)

where: n<m<k-1.

By moving the space I1” (14), which in all its posi-
tions touches the guiding manifold B” (13), the mani-
fold B™ (15) forms another manifold B”*" with the order
s+n-1, where s is the order of the manifold B” (15) in
spacious I7°*"*1, The expression for the variety B is

k+m k+m
Z plSJrnfl Z a,-“,,,l R | p’l
_ Lsin h=
B= k+m k+m (16)
2 P XA Py
i i=0

s+n-17"

Let the initial (13) be a 2-dimensional manifold B?,
k=2, and the space (14) tangent to it - the hyperplane
I, k=2. In the multidimensional space /7%, the manifold
B, m=1 (line) of the 2nd order, n=2, is given as a gen-
eratrix (15). Expression (15) of the generatrix looks like

(17

The equation of the resulting manifold B*™™, b+m
of the 3rd order s+n-1 =3 in the space II*, b+m+1 =4
in expanded form looks like this:

B AL+ Astot, + Ay}
A3 + Astot, + At

2 2
Po=%, Di=lhl, P=4

A = agrpoPo +agifo1 1 +Agloa P
Ay = ayghopo +ay Py AP
Ay = ayghypy +ayr P+ antpPs (18)
Ay =agpo +a01py +apnp: ;

As =ayopo +aypy +anp ;

As =aypy+aypy+anp,; -

Thus, this is another method of constructing multidi-
mensional figures B®*" using manifolds B™ in spaces
IT*™*' tangent to the directional manifold B”.
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Conclusion

The method of geometric modeling allows realizing
not only the dependence but also the sequence of all ac-
tions on the model, respectively, the developed algo-
rithm for solving a specific practical problem.

Geometric modeling of multiparameter systems al-
lows to fully formalize the solution of the problem in
the form of geometric actions on a manifold according
to the rules of multidimensional descriptive geometry,
followed by interpretation of the result.

A technique is given for constructing multidimen-
sional geometric figures formed by other polytypes of
different dimensions and weights in accordance with
given conditions. A method is proposed for construct-
ing the manifold B, by gradually changing the dimen-
sion and number of parameters in its analytical expres-
sion. The considered structure of the geometric model
has its practical introduction to CAD in order to solve
optimization problems in many parameters.
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